Multiple poly logarithm values at roots of unity 



Jianqiang Zhao 



Department of Mathematics, Eckerd College, St. Petersburg, FL 33711, USA 

Abstract. For any positive integer N let /x^ be the group of the A^th roots of unity. In this note we shall 
study the Q-linear relations among values of multiple polylogarithms evaluated at /x^. We show that the 
standard relations considered by Racinet do not provide all the possible relations in the following cases: 
(i) level iV = 4, weight w = 3 or 4, and (ii) w = 2, 7 < N < 50, and is a power of 2 or 3, or A^ has at 
least two prime factors. We further find some (presumably all) of the missing relations in (i) by using the 
octahedral symmetry of — ({0, oo} U ^14). We also prove some other results when N = p or N = {p 
prime > 5) by using the motivic fundamental group of — ({0, 00} U Hj^)- 



1 Introduction 

Double shuffle relations have played significant roles in the study of multiple zeta values in recent years. 
These relations can be easily generalized to the special values of multiple polylogarithms at roots of unity 
(MPV for short): 

ii.„...,.„(Ci,...,Cn):= J2 fs]"'it ^ (si,Ci)7^(l,l), (1) 

fci>--->fc„>0 1 

where Q are all A^th roots of unity for j — 1, . . . ,n. We call A^ the level and w := si + • • • + s„ the weight. 
One of our major interests is to find the dimension d{w, N) of the Q- vector space A4PV{w, N) spanned 
by these values. 

In [7], Racinet listed the following relations: double shuffle relations and their regularized versions (by 
regularizing both the divergent integrals and divergent series representing MPVs), (regularized) distribu- 
tions, and weight one relations. We will call these standard relations. By intensive MAPLE computation 
it is shown [8J that in many cases these relations cannot produce all the possible Q-linear relations. For 
example, standard relations imply only (i(3,4) < 9 which is one more than the bound given by [H 5.25]. 
Concretely, from standard relations MAPLE confirms the following 

Fact: Every MPV of weight 3 and level 4 can be written explicitly 

(*) 

as a linear combination of the nine MPVs appearing in (l2|), 

and no further Q-linear relations between these values can be deduced from the standard relations. But 
by GiNac [6] and EZface [1] the following is found numerically (see [81 Remark 10.1]) 

5Lii,2(— 1, —i) — 46Lii4_i(i, 1,1)- 7iii,i4(-l, -1, z) - 13izi,i,i(i, i,i) + 13Lii^2{-i, i) 

- Ln,i,i(-*. -1> 1) + 25Ln4,i(-i, 1, 1) - 8izi,i,i(z, i, -1) + 18Li24(-*, 1)- (2) 

In this note, we shall prove ([2|) from the explicit relations in ([*]) by using the octahedral symmetry of 
P^ — ({0, 00} U where /x^ denotes the set of Vth roots of unity. We can treat the weight 4 and level 
4 case in a similar fashion. 
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The result above in level four case shows that the standard relations are not always sufficient to 
determine d{'w,N). On the other hand, Deligne and Goncharov [4] find some closed formulae for upper 
bounds of d{w, N) for all w and N by studying the motivic fundamental group of P-^ — ({0, 00} U fij^) in 
the framework of mixed Tate motives over the ring of 5-integers of a number field. 

Proposition 1. ([4, 5.25]) Let N be a positive integer. Let ip be the Euler's totient function and ^{N) 
be the number of prime factors of N . Then d(w,N) < D(w,N) where D(w,N) are defined by the formal 
power series 

( {l-t^~t^)-\ ifN^l; 
l + Y^Diw^Ny = \ {l-t~t^)-\ tfN^2; 

[ (1 - + iy{N))t + (uiN) - iyy\ tfN>3. 

As an example one can find the bound d{w, 4) < 2™ for all weight w and by a variant of a conjecture 
of Grothendieck it can be deduced that for = 4 equality should always hold. Further, Goncharov [?] 
has defined some pro-nilpotent Lie algebra D graded by weight and depth using standard relations and 
then related D to the motivic fundamental Lie algebra in lower depth cases. Using this we shall improve 
the bounds in the above proposition for all levels N = p and N = p^ (p > 5 a prime) in the last section. 
From this improved bound we find that when 7 < iV < 50 standard relations are incomplete if iV is a 
power of 2 or 3, or N has at least two prime factors, though wc don't know how to find missing relations 
explicitly. 



2 The motivic setup 

Let us review some constructions from '4' . Fix a positive integer N. Let k be the field over Q generated 
by a primitive A^th root of unity and O its ring of integers. Let F be the Q- vector subspace of 0[1/A^]* 
Q generated by 1 — C for ( an A^th root of unity other than 1. We refer to [4] for the definition of 
the tannakian category of mixed Tate motives MT(A;)r, the definition of the fibre functor w(Af) := 
Hom(Q(7i), Grl52„(A<r)), and of the corresponding motivic fundamental group G. Let C be the Lie 
algebra generated by generators e^;, a; £ {0, 00} U/x^, with the only relation ^ e^: = 0. Set the degree of Cx 
to be 1. Then £ is freely generated by the e^jX ^ 00. Let U be the pro-nilpotent group lim„ exp(£/deg^"'). 
The completed enveloping algebra of C is Q((e^))ijg^^u{o} with the coproduct A : e^^ ® 1 + 1 e^^, 

and n is the subscheme of the group-like elements under A. 

Let be the group of /x^-equivariant automorphisms of H defined in [H §5.8]. Set :— uj{G), 
Uuj ■= ker(G[^ — > CSm) and V^j ker(_fftj —> G„i). There are morphisms of group schemes Guj H^j and 
Uuj ^ Vuj compatible with the semi-direct product structure 

i : = G„ K t/^ ^ i?^ = G,„ K V^. (3) 

Fix an embedding cr : fc — > C. Let = X^aG^jyUfo} z-a(a) -Paths p in C* — /i^ provide complex points 
-^{p) — Yl^=o Jp ill n with coordinates given by Chen's iterated integrals so that /(p followed by q) = 
7(q)7(p). At punctured points x e {0, oo}U/Xjy one may use the tangential base points to extend the above 
construction to paths beginning or ending at x. This is a regularization procedure of divergent integrals 
with the counter terms prescribed by the tangent vectors. For example, one may define the straight line 
path from Iq (tangent vector 1 at 0) to (— l)i (see [3l p. 85]). This gives rise to dch(CT) whose coefficient 
of egi-^e^, ...e^"-ie^„ is (-l)"Li.i^.....„ (fT(l/Ci), ^((1/(2), • • • , fT(C„-i/Cn)) if (si,Ci) (1,1)- Note that 
dch((7) is the unique group-like element in Q((e^))^g^^u{o} whose coefficients of Cq and ei are both with 
that property. 
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3 Standard relations in A4VV{w, 4) 



Fix = 4 throughout this section. In what foUows we shah describe a process suggested by Dehgne to 
verify that the standard relations cannot produce all possible Q-linear relations in MPV{w,4:). 

Observe that the vector space freely generated by basis vectors corresponding to regularized MPVs 
of weight 3 and level 4 is dual to the degree 3 part of the free associative algebra Q((eo, e(^))(^g^^. One 
expects that AiPV{w,A)^^>i is a weighted polynomial algebra with the following number of generators 
in low weights: 2,1, 2, and 3 (in weight 1 to 4). The reason is that t(LieC/jj) should be a Lie alge- 
bra freely generated by one element in each degree so that the dimension of degree n part is given by 
n Sd|n l^{n/d)2'^ — n (sse [2j Ch. II, §3 Thm. 2]) which is the number of binary Lyndon words of length 
n when n > 1. 

If one takes the space AiVV{2>, 4) modulo the products of MPVs in lower weights one should get a 
quotient space of dimension 2 and one knows its dimension < 2. However, one can only prove the bound 

3 by the standard relations as follows. Consider the subspace generated by the following elements: 

I. For each MPV of weight 1 and MPV of weight 2, the linear combination of weight 3 MPVs expressing 
their shuffle product by Chen's iterated integrals. This gives 5 x 25 elements. 

II. Same for the stuffle product (quasi-shuffle as called by Hoffman) corresponding to the coproduct 

in [7] . Plainly, these elements are linear combination of weight 3 MPVs expressing their stuffle products 
by series expansions (H]). This gives 4 x 20 elements. 

HI. Distribution relations in weight 3: expressing the coefficient of a "convergent" monomial in Bq and 
Ca (a — ±1) as a multiple of the sum of the coefBcients of the monomials deduced from it by replacing Bq. by 
6/3 with 0^ = a. There are 12 "convergent" monomials to consider: (eo or e_i)(eo or ei or e_i)(ei or e_i). 

IV. Regularized distribution relations in weight 3 (see lit Prop. 2.26], change ct"/'' = 1 to a'' = 1). 
There are 6 of these. 

All of these elements from I to IV can be put together to form a 223 x 125 matrix. By MAPLE one can 
verify that it only has rank 122. Moreover, it is not hard to find three linearly independent relations over 
Q which produce three vectors in the degree 2 part of the Lie algebra denoted by Dmrto in [7] . In weight 

4 the same procedure produces eight vectors instead of three which means one needs five more relations 
besides the standard ones. 

4 Octahedral symmetry of — ({0, 00} U /X4) 

The Riemann sphere punctured at {0, oo, ±1, ±z} clearly possesses an octahedral symmetry. However, 
one should use a system of tangent vectors stable (up to multiplication by roots of unity) by the octahedral 
group to use this symmetry: one should use the straight line path from Iq to (— 2)i. Define the C-linear 
map p : Q{{eo, eQ))^^,!^ — > Q((eo, ec))cG/x4 such that 

p : eo ^ ei ^ Ci ^ Cq, Boo e_i Coc- 

Let < e < 1/3 and be the path Ai . . . Aq in 
the complex plane shown in the right picture, where 
^2,^4 and Aq are the quarter circles of radii e, 2e 
and 2e, respectively, oriented clockwise. Then by 
the property of iterated integrals 
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n=0 "^-^e n=0 n=0 "^^i n=0 

Replacing the straight path Iq l)i by the straight path Iq (— 2)i changes Ac\v{a) to dch' (cr) = 

exp ((log 2)ei) dch(o'). So regularized integral over the path Ai followed by A2 gives / = exp(— 27r?;ei/4) dch'(o'). 
Thus (H yields p^{I)p{I)I = 1, i.e., 

exp(~2Lii(i)eo)p^(dch(o-)) exp(— 2Lii(i)ei)p(dch((T)) exp (— 2Lii(i)ei) dch((T) = 1. (5) 

By comparing the coefficient of 62 in ^ and using Fact ([*]) one finally arrives at ([2]). 

We now consider the Lie algebra Q := L{lAeU^) which is the image of the map in ([3]), equipped with 
Ihara's Lie bracket { , } (see [U (5.13.6)]). One can use the additional octahedral relation to find the 
correct number of generators of Q in degrees up to 3: 

deg 1: vi = 2e_i + 2ei + e_i + e,; 

deg 2: V2 = [eo, e^] - [eo, e_j] + [ei, e^] + [e^;, ei] + [e_i, e^] 
deg 3: {wi, ^2} and ^3, 

where is obtained by MAPLE and is too long to write down here. Define on the Lie algebra an 
involution cr : eo ei, e_i, e_i Coo in the octahedral group. Then one can check by MAPLE that 
V + a{v) = for all the above generators. 

Next we look at weight 4 case. We find that the upper bound produced by the standard relations is 
only (i(4, 4) < 21 [SI Table 2]. By exactly the same approach as in weight 3 one can verify that all the five 
missing relations can be produced by applying the octahedral symmetry. For the five octahedral relations 
one can use the vanishing of the coefficients of e-iegC-i, C-iCQC^i, e_ie§ei, C-ie^ei, and (e_ieo)^ in ([5]). 
Moreover, a process similar to the one sketched in iJ3] yields exactly three generators in the space of the 
degree 4 part of the Lie algebra Q : 

deg 4: {vi.vz}, {wi, {wi, W2}}, and ^4 

where is a complicated new vector obtained by MAPLE. This verifies up to degree 4 the following fact: 
5 is a Lie algebra freely generated by one generator in each degree. 

Remark 1. For arbitrary N the set {0, 00} U /i.jY possesses the dihedral symmetry. However, when we 
apply this in iV = 4 cases (weight 3 or 4) all the relations produced are already known to us by standard 
relations. This should be true in general (cf. |5, Thm. 4.1]). 



5 Level p and cases (p > 5 a prime) 

Let p > 5 be prime throughout this section. From Prop. [1] we see that d{2,p) < {p + 1)^/4. We will 
improve this bound in Theorem [T] 

Recall that G — i(LieJ7i^). By 4, 6.13] one may safely replace Q^jp by G throughout [5 . In par- 
ticular, Goncharov's results can now be used to study the structure of Galois Lie algebra ^/...(/Xtv) = 
X]iu>i i>i ^-«'.-'(MAf) graded by the weight w and depth /. The weight filtration is defined via the 
action of <Gm and the depth filtration comes from the descending central series of ker , where /* : 
m ~ /^TVi — ''^i('^m) for any base point x is induced from the embedding Gm ~ Ma? ' — * ^^m- 



Theorem 1. Let p > 5 be a prime. The 
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// Grothendieck's period conjecture (see Q 5.27(c)]) is true then the equality holds and all the Q-linear 
relations in A4W(2,p) follow from the standard relations. 

Proof. Let { , } be the Lie bracket in Q,^,{fij^j). Now in depth 1 one has dimC/_2.-i(/^p) = {p— l)/2 (see 
Theorem 2.1]). By fSl Cor. 2.16] 



dn-ng^,M(^,) = ^^^^^^. (7) 



(p-l)(p-5) 
For any positive integer N define 

2 

■■ /\G-2,-i{f^N) ^ Q-2{f^N), aAb^{a,b}. (8) 



Then 

/, n ^ Ip-lfp-l \ (p-l)(p-5) p^-\ 
dim(ker/3,) - ^ V V " " 12 ^ 



Let SR be the affine subgroup of H defined by only those polynomial equations satisfied by the 
coefficients of dch((T) which are deduced from the standard relations, plus "27rz = 0" , as explained in [H 
5.22]. This is the group DMRDo studied by Racinet in [71 §3.2, Thm. I]. Its Lie algebra Lie S'i? is graded 
by weight and depth, independent of the embedding by Prop. 4.1 of op. cit. and contains Q by [4, 5.22]. 
Further, Goncharov shows [5, §7.7] that the standard relations provide a complete list of constraints on the 
diagonal part of the Lie algebra Q in depth < 2, yielding (Lie S'i?)™,™ = Qm,m for m = —1, —2. Together 
with ([9]) this means in the proof of ^ 5.25] one can decrease the bound D{2,p) by {p^ — l)/24 and arrive 
at the bound {bp + 7){p+ l)/24. 

Grothendieck's conjecture implies that Q = LieR where R is the affine subgroup of 11 defined by all the 
polynomial equations satisfied by the coefficients of dch((T) plus "27ri — 0". Therefore one obtains both 
the equality in ([6]) and the statement about the completeness of the standard relations. This concludes 
the proof of the theorem. □ 

Remark 2. (a) Notice that when p > 11 the vector space ker/3p contains a subspace isomorphic to the 
space of cusp forms of weight two on Xi{p) which has dimension {p — 5){p — 7)/24 (see [5l Lemma 2.3 
& Theorem 7.8]). So it must contain another piece which has dimension (p — 3) /2 by ([!]). What is this 
missing piece? 

(b) When w > 2 it's not too hard to improve the bound of d{w,p) given in [4] 5.24] by the same idea 
as used in the proof of the theorem (for example, decrease the bound by (p^ — l)/24). But they are often 
not the best. 

Turn now to the case of level N — p^. Notice that (f{p'^){(f{p'^) — 2)/4 is a trivial upper bound of 
dim(?_2,-2(Mp2) (see jH Theorem 2.1]). If one had any nontrivial upper bound of dimt/_2,-2(Mp2) one 
would have a nontrivial lower bound of dim(ker /3p2 ) where (3p2 is defined by ([5]) . This would in turn 
provide an improved upper bound of d{2,p^) similar to Theorem[T] However, at present we can only show 
that 

Theorem 2. If p > 5 is a prime then kcr/3p2 ^ and d{2,p'^) < p^{p - 1)^/4. 

Proof. Fix a primitive p^th root of unity fi. Put e(a) — e^a for all integer a. Define 

5fc J = e{pk + j) + e{p^ - pk - j) + e{pj) + e(p^ - pj) 

for < k < {p — l)/2, I < j < p — 1, and for k = {p — l)/2, I < j < {p — l)/2. One only needs to prove 
the following 
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Claim. Let h= {p — 3)/2. Then one has 

h h p-2 h + lh+1 h h p-2 

XlXlX){5fe,i,6'ij} + Xm^^^fe-i'^^+i.JJ' + m Yl Y{9k,p-i,9i,j} 

fc=0 l=k j=2 fc=0 j=2 fe=0 l=k+l j=2 

h h+1 h h p-2 h h p-2 

fc=0 j=2 fe=0 ;=fe j=2 fe=0 l=k 3=2 

There are /i(2/i + 3)^ = hp^ distinct terms on the left, each with coefficient ±1. 

The proof of the claim is straight-forward by a little tedious change of indices and regrouping. 

h h p-2 h k p-2 /i+lfe-lp-2 

~XXX{5fe.j'5'«+i>i} = XXXi5fc+i,i.5i,i} = XXX{5"=>i'5'j}- 

fe=0 l=k 3=2 k=0 1=0 3=2 k=l 1=0 j=2 

Then the expression in the claim becomes 

h h p-2 h p-2 h p-2 h+1 h+1 

X X Y{9k,i,9l,j} + X Yi9o,i,9i,j} + X Y{9h+i,i,9i,j} + X J2^9k,i,9h+i,j} 

k=l 1=0 3=2 1=0 j=2 1=0 3=2 k=0 3=2 

h h p-2 h h+1 

+ X X Y{9k,p-U9l,j} + X Y{9k,p-l,9h+l,j} 

k=0 1=0 j=2 k=0 j=2 

h+1 h p-2 h+1 h+1 

= XXX'Lfi'fc'i'5'i.i} + X Y{9k,i, 9h+i,j} 

k=0 1=0 j=2 k=0 j=2 

h h p-2 h h+1 

+ J2J2J2^9k,p-i, 91,]} + J2Y^9k,p-i, 9h+i,j} 

k=0 1=0 j=2 k=0 j=2 

Let me use {a, 6} = {e(a),e(6)}. By definition 

{9k,i,9i,j} ={pk + l,pl + j} + {-pk - l,pl+j} + {p,pl+j} + {-P,pl+j} 

+{pk + 1, -pi - j} + {-pk - 1, -pi - j} + {p, -pi - j} + {-p, -pi - j} 

+{pk + l,pj} + {-pk - l,pj} + {p,pj} + {-p,pj} 

+{pk + 1, -pj} + {-pk - 1, -pj} + {p, -pj} + {-p, -pj} 

={pk + l,pl + j} + {p{p -k)-l,pl+j} + {p, pi + j} + {-p, pi + j} 

+{pk + l,p{p-l -l)+p-j} + {p{p-k) -l,p{p-l- l)+p-j} 

+ {p,pip- 1 - + p- j} + 1 -i)+p-j} 

+{pk + l,pj} + {p{p - fc) - l,pj} + {p,pj} + {-p,pj} 

+{pk + l,p{p - j)} + {p{p -k)- l,p{p - j)) + {p,p{p - j)) + {-p,p{p - j)} 
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Then 



Thus 



Similarly, 



h+l h p-2 h+1 h p-2 

Yl H J2i9k,i,9i,j} = J2Y1 H^p* + hpi+ j} + {p{p -k)-i,pi+j} 

fe=0 1=0 3=2 fe=0 l=Q 3=2 

+ {pk +l,p{p-l-l)+ j} + {p{p -k)-l,p{p-l-l)+ j} 

Hp^pI + j} + {-p,pi + j} + {p,pip - 1 - + i} + {-p,p{p - 1 - + i} 

+2{pk + l,pj} + 2{p{p -k)- l,pj} + 2{p,pj} + 2{-p,pj} 

/i+l p—1 p—2 p p—1 p~2 

=E E J2^pk+i,pi+j}+ j2 E J2ip''-^'P^+^^ 

k=0 l=0,l^h+l j=2 k=h+2 ;=0,;#/(+l j=2 

h+l p-1 p-2 h+lp-2 



fe=0 l=0,l^h+l j=2 k=0 j=2 

p p—2 p—2 

+2{h+l) j2 E{^^^-l'^^^'} + 2(/* + 2)(/i+l)l]({P,ro} + {-P,Pj}) 



k=h+2 3=2 3=2 



h+l h p-2 h+lh+1 

Y Y Y^3k,l,gi,3} + Y Y^9k,l,gh+1,3} 

fc=0 (=0 j=2 k=0 j=2 

h+lp—lp—2 p p—1 p—2 

fe=0 (=0 j=2 k=h+2 1=0 3=2 

p-1 p-2 h+lp-2 

P+l ■ 



+ + + +pY.Y.^p^ + '^^p3^ 

1=0 3=2 k=0 j=2 

+p Y Y^p'^'^'P^^^ 2 Yy^P'P^^'^ ^~P'P^^J 



k=h+2 3=2 3=2 



h h p-2 h h+l 

J2 J2 Y1^9k,p-i,9i,3} + J2 12^3k,p-i,9h+i,3} 

k=0 1=0 3=2 k=0 j=2 

h+l p-1 p-2 p-1 p-1 p-2 

=12J212ip''-^^p^+3}+ E YY^p'^+'^'P^+j^ 

k=l 1=0 j=2 k=h+2 1=0 j=2 

^ p-1 p-2 h+lp-2 

1=0 3=2 k=l j=2 

P-1 P-2 / P-2 

+P Y ^ Y[{P,Pj} + {-p,Pj}) 

k=h+2 3=2 3=2 
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Altogether the expression in the claim is reduced to 

p—1 p—1 p—2 p p—1 p—2 

k=0 1=0 3=2 k=l 1=0 j=2 

p—1 p—2 p—1 p—2 

1=0 j=2 k=Q j=2 

p p—2 p—2 

+P^^{pk ~ l,pj}+p{p- 1)^ (^{p,Pj} + 

k=l 3=2 3=2 

This is equal to 

p— 1 p— 1 p—2 

mm ([^^ + + ]] - [p{k +i)+3+i,pi+ j] + b(fc +i)+j+i,pk+ 1] 

fe=0 1=0 3=2 
p p— 1 p—2 



+ ([^^ - 1'^*^ + j] - + + J - ^,pl + j] + [Pik + l,pk + 1] 

k=l 1=0 3=2 
p-1 p-2 

+P ^ ^ ( [P: pi + j] - b(z + 1) + j, pi + .]] + [p{i + i) + J, p] 

1=0 J=2 

+[-p,pi + j] - [pH - 1) + j,pi + j] + [pH - 1) + J- -p]) 

p-lp-2 

^ ([pfc + - [p{j + k) + l,pj] + [p{j + k) + l,pk+ 1] 

k=0 3=2 
p p-2 

+pY. yp^ - I'P-^'i - ^p^^ + ^) " I'P^'] + + fc) - - 1] 

k=l 3=2 
p-2 

+p{p ^ 1) X! [\-P'Pj^ ^ \-P(j + 1)'^'-?'! + \p(^ + 

i=2 

+[-p,pj] - [p{j - i),pj] + [p{j - 1), -p]) = 

after many cancelations. 



□ 



We have verified the claim in the above proof for p = 5 and p — 1 numerically. In fact, we find that 
dim(ker/325) = 5 and dim(ker/549) = 35. This implies that d(2, 25) < 116 and d{2,AQ) < 449. Further, if 
Grothendieck's transcendence conjecture is true then the equalities hold. With MAPLE we have verified 
d(2,25) < 116 and c?(2,49) < 449 by using the standard relations so that these relations imply all the 
others. 

It is convenient to say a level TV is standard if either (i) = 1, 2 or 3, or (ii) is a prime power p" 
(p > 5). Otherwise A^ is called non- standard. We prove in [S] the following 

Theorem 3. Suppose N is non-standard. Then the non-standard relations exist in A17'V(3, A^) for 
A<N < 12 and in MVV{2, N) for 10 < A < 48. 

Preliminary results suggest that the following 

Conjecture 1. If N is a standard level then the standard relations always provide the sharp bounds of 
d{w,N), namely, all linear relations can be derived from the standard ones. If N is a non-standard level 
then the bound in [A, Cor. 5.25] is sharp and the non-standard relations exist in A4'PV{w, N) for all w > 3 
(and in MVV{2, A) if N > 10 ). 
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